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SUMMARY

A new general purpose boundary element method for domains with cracks has been recently developed. This
technique avoids the use of a multi-domain decomposition by including an additional integral equation
expressing the boundary condition on the crack. The principal requirement of this technique is the analytic
determination of certain hypersingular integrals of the Green’s function which arise from this equation. In
order to establish the applicability of this method for fracture, these integrals are evaluated herein for the
Kelvin solution of the three-dimensional Navier equations of linear elasticity. Numerical results for fracture
problems using the single-domain boundary element analysis are also presented.

INTRODUCTION

A significant problem in the numerical simulation of crack growth! his been the need to
rediscretize the region as the crack propagates. This requires either a time consuming manual
intervention or the development of an intelligent scheme for automatic remeshing. In view of the
special care and treatment required at the crack edge,” this is an especially difficult task. Although
obviously worse within finite elements, wherein the entire volume around the crack must be
decomposed, this is nevertheless a serious problem for boundary element simulations, especially in
three dimensions. A variety of algorithms for crack problems has been employed with more or less
success,>”® but the only general purpose, direct boundary element technique for treating cracks
has been the multi-domain’-® approach. This method, illustrated in Figure 1(a), decomposes the
domain into regions without cracks at the expense of introducing extra internal nodes and
elements connecting the crack to the outer boundary. As the crack propagates, this mesh between
the crack front and the other boundary surfaces must be updated.

The analysis of structures containing many cracks is also an exceedingly difficult numerical
problem. Studies of flow in fractured rock masses® and stress analysis of concrete dams*° are two
specific applications which naturally give rise to complicated multi-crack geometries. For a
realistic three-dimensional model, constructing a multi-domain boundary element or a finite
element discretization is clearly laborious, and the ensuing calculation is likely to be prohibitively
expensive.

*Permanent address: Mathematical Sciences Section, Engineering Physics and Mathematics Division, Oak Ridge
National Laboratory, Oak Ridge, TN 37831, US.A.

0029-5981/90/061135-24$12.00 Received 28 March 1989
© 1990 by John Wiley & Sons, Ltd. Revised 3 August 1989



1136 L.J. GRAY, L. F. MARTHA AND A. R. INGRAFFEA

Figure 1. Comparison between multi- and single-domain BEM crack representations: (a) multi-domain mesh; (b) single-
domain mesh

Recently, however, a boundary element approach capable of treating cracks without the use of
internal surfaces has been developed.’! Although the basic formalism is completely general, this
method has thus far only been applied in potential theory (Laplace’s equation), specifically
electroplating!2:'3 and steady-state heat transfer.!* The essential ingredient of this method is the
analytic evaluation of singular integrals arising from a boundary integral equation expressing the
normal derivative (e.g. traction) on the surface. These integrals involve two derivatives of the
Green’s function (fundamental solution), and are therefore more singular than the usual boundary
element integrals: they have been termed hypersingular. There has been considerable discussion in
the recent literature concerning the treatment of these integrals (see References 1517 and the
papers cited therein), with a ‘finite part’ evaluation apparently the most widely used method for
fracture applications.!® In this paper, these integrals are treated in a straightforward manner as a
limit from the interior of the region. As shown previously for the Laplace equation,'® this process
leads to well defined finite values for the integrals. Although the details are somewhat different, this
limiting approach is basically the same as that adopted by Rudolphi et al.}®

Figure 1 shows a comparison between a multi-domain representation for a three-dimensional,
elliptical crack and a single-domain representation using the method described in this paper. It is
obvious that the size of the problem and the mesh generation effort have substantially decreased.
Visualization of both the model and the results is enhanced. Moreover, if simulation of the growth
of this crack is sought, the proposed method requires only modification of the crack mesh itself.

This paper will derive the relevant hypersingular integrals of the Green’s function for three-
dimensional linear elasticity. Not surprisingly, these formulas are very similar to those of the
three-dimensional Laplace equation:!! the fundamental (Kelvin) solution for the displacement is
the r~! point source potential plus an additional term. However, displacement and traction are
vector quantities; this, together with the presence of the extra term, makes the derivation
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considerably more complicated and time consuming. The expressions for the hypersingular
integrals are tabulated here so that other people will be spared this somewhat tedious exercise. A
complete discussion of the implementation of these formulas for fracture mechanics problems,
together with further test calculations, will appear elsewhere.!®

Defining the hypersingular integral as a limit is fundamentally different from previous methods
for assigning a value to this quantity. By placing the singular point directly on the boundary, past
techniques had to contend with the presence of singular terms and dispose of them in some
fashion. In contrast, there are no singular terms in using the limit process: interior traction values,
computed by integrating over the entire boundary, are finite and will have a finite limit as the
boundary is approached. Terms which might appear to be singular cancel out in the complete
integration, before one proceeds to the boundary. In addition to avoiding singular terms, the
limiting procedure also provides a sensible interpretation of displacement derivatives parallel to
the boundary surface. As in potential theory (and as shown below), these derivatives will give rise
to terms which are discontinuous when crossing the boundary (i.e. the limiting value depends
upon which side of the surface one is on), and are therefore undefined on the surface itself. While
this is no problem if the hypersingular integral is defined as a limit (one must merely specify either
an interior or exterior approach), it must clearly cause problems if the singular integral is attacked
directly.

In the calculations, the required integration over the entire boundary (to compute the interior
traction) imposes a constraint that the representation of the displacement on the crack surface be
differentiable.'>'7 As a consequence, standard boundary element interpolation methods do not
suffice. A technique for satisfying this constraint can be found in Reference 17, and its imple-
mentation for fracture will be discussed in the forthcoming paper cited above.'®

LINEAR TERMS

The development of the integral equation approach to elasticity was initiated by Rizzo!® and
Cruse;2° the notation and boundary element formulation employed herein will follow that of
Mukherjee.2! Assuming no body forces, the boundary element integral equation for elasticity
relates surface displacements u;(P) and tractions z,{ P) by

Cij(P)ui(P):f [Uij(P’ ) (Q)—T;(P, Qu(Q)] dsQ (1
B

As is customary, summation over repeated indices is assumed. The coefficient ¢;; depends upon the
local geometry at P; it suffices to assume a smooth crack surface,'* and in this case ¢;;=46,;/2. The
functions U;;( P, Q) and T;(P, Q) are the displacement and traction at a source point P due to a
point load at the field point @ in an infinite elastic solid. From Kelvin’s solution, these functions

are known to be

1

Ui=tgnii —yiar (= 0+rr ) @

1 ' or
T;= T [{(1 —2v)0,;+3r,r;} 51+(1 —2v)(r'inj—r_jni)] 3)
where r=| P— Q|| and r ; denotes a derivative in the direction of the Cartesian basis vector e;. The
basic idea of the present method!! is to supplement the boundary integral equation (1) with
additional equations enforcing the boundary conditions on the crack surface. For the purposes of
this paper, it is sufficient to assume that this constraint is zero traction, 7,(P)=0. As explained
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below, this condition forces the consideration of the most singular terms, and there is therefore no
loss of generality; other boundary conditions on the crack are accommodated in a similar fashion.
In terms of displacement components u;, the traction at a boundary point P with normal N=N;e;
is given by '

2
ti(P)=aiij=G{(u,-‘j+uj,,~)Nj+l—_%uk_kNi} 4)

where v is the Poisson ratio and G is the shear modulus. Differentiating equation (1) with respect
to P (denoted by a capital letter subscript), the traction on the crack boundary can be expressed as

0=T.‘(P)=GN,' LB [{Umi,l+ Umj.l}(Pv Q)IM(Q)—{Tmi.J+ ij,l}(P7 Qu,(Q)] dsq

2
+ I —vzv GN, J\aa {Umk.K(P, Q)TM(Q)_ ka_K(P, Q)um(Q)} dSQ (5)

where the derivatives of the traction function are given by

1
T (P, Q)=m

0
+(1-2v) {6ijnl‘—6jlni+6linj+3 (",-r_jr',—njr_,r_,.—r,lfsij 5_'r‘l>}:| ©

and §;; is the Kronecker delta. It should be pointed out that, as discussed in the previous section,
equation (5) will be employed for an interior point P, so that the kernels U,; and T;; in equation (1)
are well behaved. The derivative therefore exists and can be moved inside the integral as in
equation (5). The principal task is to compute the limit of this equation as P approaches the
boundary.

The discretization of equation (5) follows the usual boundary element procedure. The integra-
tions over a particular element E are well defined and can be carried out numerically, except when
the point Pis on E; as P is a node on the crack, singular integrals occur only in the integration over
the crack surface éC, Figure 2. Utilizing the boundary condition 7,,(Q) =0 on the crack, the non-
vanishing integrals over 0C are

,
[3(r.i5j1+r.j5u—5’.1".i",j) 8—:1+ 3rrm

2v

-GNj LC {Tmi,J(P’ )+ ij.I(P’ Q)}“M(Q) dsq“m GN; LC ka,x(P, Q)u,,(0) dSQ )

Figure 2. Crack surface, 0C, and crack node neighbourhood, £
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Note that the terms which have been dropped from equation (5) because of the zero traction
boundary condition involve only one derivative of U. Thus, the singular integrals arising from
other boundary conditions are no more singular than standard boundary element integrals, and
there is consequently no loss of generality in examining equation (7).

The singular integrals arising from equation (7) will be evaluated analytically using a local co-
ordinate system centred at P. As with the Laplace equation,'! these integrals can be assigned a
finite value by integrating over a surface patch X having P as an interior point. For convenience, it
will be assumed that I lies in the x—y plane; thus, N=(0, 0, 1) and the dr/dn term in equation (6)
is 0r/dz everywhere on X. As discussed above, if the singular point P is moved off the surface,
P=(0,0, z,,), the integrals over X are well defined, and the limit as z,—0 can then be considered.
Polar co-ordinates (p, 8) will be used in the x-y plane, and in terms of these co-ordinates the
neighbourhood X can be described by 0<p<p(8), 0<0<2xn.

The approximation of the displacement in equation (7) is of importance. As mentioned above
(and as will be seen from the calculations below), the representation of u,, for the hypersingular
integral cannot utilize standard techniques. The difference between this situation and the usual
boundary element implementation is illustrated in Figure 3. In this example, the neighbourhood
surrounding the crack node P is composed of six triangular elements. In a simple linear element
calculation, the displacement field would be approximated by different linear functions on each
element. If these functions are chosen to interpolate the nodal values of u,,, then the representation
will be continuous on X, but not differentiable across the element edges. Correct treatment of the
hypersingular integral requires differentiability. The method described in Reference 17 utilizes, as
shown in Figure 3(b), a single polynomial over Z to achieve this goal. This polynomial will contain
terms beyond linear, and thus the integration of these terms must also be considered.

There are implicit assumptions in the above description of Z as, except for a flat crack, this
simple geometry will not be valid. Even if planar elements are employed in the discretization of 8C,
the neighbourhood X of a crack node P will not in general be planar and the normal N at the crack
node P will not necessarily coincide with the normal to the element E. As a consequence, it is also
necessary to consider derivatives parallel to the crack surface; these terms will be dealt with in a
subsequent section. A more troublesome consequence of the above treatment is that the formulas
to be derived apply only to planar elements. This means that, currently, a curved crack surface
must be represented by planar elements. Curved elements present an additional level of
complexity in obtaining appropriate formulas for the singular integrals (the surface normal n is not
constant), but do not present any mathematical difficulties in the existence of the limit to the
surface. As found below, potential singular terms (which turn out to be of the form log (z,)) are
localized exactly at the singular point (i.e. independent of 5(8)). Since any smooth surface is locally
flat, the limit analysis will therefore hold in this more general setting. Derivation of appropriate
formulas for curved elements will be left to the future.

Q:.
P4

U, = Lytxyz) U = Lylxy.z)

AN

u; =L?, (x,y.z)
(a) (b)

Figure 3. The neighbourhood of a crack node, illustrating the (a) piecewise line and (b) differentiable approximations
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L i=l,m=1

The calculation of this first term will be presented in full detail; for this initial choice of
subscripts, equation (7) simplifies to

—GJ {T11,3(P, @+ Ty;3,,(P, Q)}u, (Q)dsg (8)
>

from equation (6)
1
Tl 1,37 87{(1 ) 3 [

1
Tisa= 8 (1 — v)r3[

15r g7 rary+3r r +(1=2v){1=3r3r,}]
)
15 v rars+3rars+(1=2v){1-3r r }]

The displacement u,,(Q) on the surface X is, as usual, approximated in terms of nodal values. For
the discussion of the potentially singular terms which arise out of equation (7), it suffices to
consider the linear terms

Un(p, 0)=a, +b,p cos(8)+c,p sin(6) (10)

where the coefficients {a,,, b,, c,,} are linear combinations of the displacements at the nodes
defining X. Higher order terms, to be considered in the next section, turn out to be well behaved.
With u, as above and k, = — G(8rn(1 —v)) " !, equation (8) can be written

1
Ky j 3 [—30r,r rsra+24+2v{2—3rr3—3r,r}]
b

x (a, +b,p cos (8)+c,psin(8))p dpdb (11y

Noting that r,=x/r=pcos(8)/r, r3=—zo/r and r=(p?+2z3)"% the coefficient of a, in
equation (11) is given by

X f a6 J ’ “”[—3092 c0s’(0)z , 325 3p” cos'(6)

7 r5 r5

2 2 2
+(1—2v){%—3z—5°—3p—°(?@”pdp (12)

0 0

r r

The integrals over p are easily evaluated with the use of integral tables; the relevant integration
formulas?? have been collected in the Appendix. The coefficient of a, is then

a0 —30cos20yz2{ L4702
1 1o °0s” (0023 | 153 ¥ 5gs 1523

-1 1 — z2 2
322 L 2 _ ? =
+ 0{3§3+328}+3005 (0){ 7 +3R3+3Zo}
-2 2 —1 1
1_ ~ 2 AL ~ 1
* 2V){ Rz (3R3+323>

—1 2 2
—3 cos?(6) (—ﬁ—+%+g>}:| (13)
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where R =(p(0)?+22)"? The terms which are singular in the limit z,—0 are of the form z; ' and
sum to

2=
! J df{2 cos?(0)—1}=0 (14)
4nz, 1o

so, as desired, the singularity drops out after integration over 6. This is the expected behaviour and
will indeed occur in all subsequent calculations. Thus, as discussed in the introduction, there are
no singular terms present in the interior traction contributions which might cause problems in
approaching the boundary. Many of the remaining terms in equation (13) have a positive power of
zo and thus also disappear in the limit z,—0; as R— p(8) the coefficient of a, becomes

2 (2(1—2v)+6v cos? ()
= {5 }de )

The integral for the coefficient of b, is the same as equation (12) with an additional factor of
p cos (8), yielding

2 2O 2012 el 2 2 2 cos?(8
Kxf d9cos(e)f [ 30p? cost(6)z3 , 325 , 3p" cos™(6)

7 5 5
0o 0 4 r r

2 2 2
+(1—2v){2 ;’?—w}]pzdp (16)

oo r

Replacing the outside cos(8) factor with sin(8), one obtains the corresponding integral multiply-
ing ¢,, so these terms are easily evaluated at the same time. Integrating over p yields

2n _ 2 2] S 3 i 0 i 9 3 P
xlj decos(())[m—)—p—+g—3—3cosz(())(p;)-’r—p;ﬁ) —log(ﬁ(0)+R)+log|zo|)

0 R? 3

+(1—-2v) {2 ( _’;9)+1og(,s(9)+ R)—log |zo|)

p? —p(6)  —p(6) s ‘
-5—30032(0)( R + IR +log(p(6)+R)-—loglzo|>}] (17)

The log|z,| term is singular as z,—0, but the coefficients cos(8) or cos*(8) (sin(#) and
sin(@) cos?(0) in the case of ¢,) integrate to 0 over 8, so these terms disappear. Note too that
R—p(8), and that all terms with powers of 3(8)/R have coefficients which also integrate to zero.
These terms therefore also vanish in the limit, leaving

2r
K, J {2(1 —2v) cos(8) + 6v cos(8)} log (25(6)) db (18a)

o
2n
K, f {21 —2v) sin(6) + 6v sin(6) cos?(8)} log (24(6)) df (18b)
0

for the coefficients of b, and ¢,, respectively. The integrals appearing in equations (15) and (18) can
be evaluated in closed form; for a triangular element (and Laplace’s equation); these details have
been worked out in Reference 11. This completes the discussion of the linear terms fori=m=1; for
the remaining cases, the analysis follows along similar lines and fewer details will be provided.
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2. i=1,m=2

Using equations (6), (7) and (10), the coefficient of a,, analogous to equation (12) for a,, is
expressed as

0 = (19)

. J_u 10 [J.,;(,,, —30p2 cos(8) sin(8)z2 +6v cos(@jssin(e)pz pdp]
0

Performing the integrals over p, one sees again that the singular z;, ! terms disappear after
integration over 0; the only non-vanishing term in the limit is

6v 2" cos(f) sin(6)
Sn(l—v)L sy ¥ (202)

As before, the coefficients of b, and ¢, are obtained from equation (19) by including a factor of
p cos(8) or p sin(8). The singular terms are of the form log|z,| and, as expected, have coefficients
which integrate to zero, leaving

81:(_16—vv) j : cos?(6) sin(0) log (25(6)) o (20b)

§n_;1%) r, cos(6) sin? (0) log (2(6)) d8 (20c)
0

3. i=I, m=3

The contribution to the traction in the e, direction due to displacement normal to the crack
surface (i.c. in the e, direction), is known to be zero. This is precisely the result obtained directly
from the integrations. The coefficient of a; is given by

27 2 _30p cos(8)z3 6 cos(8)pz
xlf ng peos(®)z3 ,(5)”°pdp] (21)

0 0 r

After integrating, it is immediately obvious that all terms vanish in the limit, with the exception of
the singular contribution

Ky

- de [6 cos(8) (22)

Z0 Jo

5(6)3 5(0)°
piis) -8 cos(9)p;3) ]

Although this term appears to be singular, note that the integral itself vanishes in the limit:
p(B)/R—1 as z,—0 and cos(8) integrates to zero. The limiting behaviour of this term therefore
hinges on how fast the integral disappears, and this is easily determined. Using the standard

Taylor series,
O
— | = 14— zl.___A__,_{,_... 23
[ R 507 2 4(6) )

and thus the integral behaves as zZ, eliminating the singular z;! factor in equation (22). For the
coefficients b, and c, there are no singular terms, and the integral vanishes in the limit. This
completes the case i=1.

4. i=2,1<m<3

Not surprisingly, the situation for i =2 is analogous to i=1, and can be dispensed with in short
order. For m=1 the results are precisely the same as i=1, m=2 (equation (20)); the case m=2 is
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the same as i=m=1, provided that r, in equation (11) is replaced by r,. This amounts to
replacing cos(6) with sin(8) in equation (12), and thus, mimicking equations (15) and (18), one
obtains

- Jz" 2(1—2v):|-6v sin?(6) 40 (242)
) p(6)
Ky J.zn {2(1—2v) cos{(8)+6v cos(8) sin2(0)} log(2p(6))do (24b)
0
K, fzn {2(1 —2v) sin(8) + 6v sin(0) sin?(9)} log(25(6))db (24¢)
0

for the coefficients of a,, b,, c,, respectively. As with i=1, m=3, the case i=2, m=3 also yields a
result of zero.

5. i=3m=1

The integrals for i =3 are quite naturally different from those encountered already; the second
half of equation (7) now comes into play, and the terms are even lengthier than before. For this first
case, equation (7) becomes

. rn ” jﬁ«” {— 15p cos(0)z3 , (3 +6v)pr 505(0)20}

d
o pdp

2 50) (__ 2_,2 )
+vxz.f ng‘ { 1Sp(p io)cos(0)20+3pcoss(G)zo}pdp 25)

0 0 r r

0 0

where x, = —2[8n(1 —v)(1 —2v)]~!. After integration the coefficient of a, is found to be

(3=-6vp(0)°  (—4+3v)p(0)°
Iis + Ii"’

2=

% dé cos(())[

(26)

Zg jo

Using equation (23), it is easily seen that this term vanishes with z,, as expected. The coefficients of
b, and ¢, work out slightly differently. Obtaining the integrals from equation (25} in the usual
fashion and performing the complete integration, one finds that the first integral in equation (25)
has a non-zero value of 4nvi,. The second integral, however, exactly cancels with this result, and
the correct result is obtained.

6. i=3,m=2

As before, exchanging the appropriate. cos(8) terms with sin(8) (r, replacing r, in
equation (25)), the above analysis carries over to this new term, and thus the results remain zero.

7. i=3, m=3
From the basic equation (7), this contribution can be expressed as

2v

-2G J;: Tsa.s“s(Q)"-‘q‘I:E G L {T51,14 T3, 2+ T3, 3} u3(Q)dsg 27
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For the coefficient of as, the first integral above becomes

2w [PO[(6+6v)z3 1528 (1-2v
21(1‘[ dﬂf [( rs") ¢ Dz (- ‘)]pdp (28)
0 0

r r

The singular terms from this integral, of the form z; !, cancel out, and the non-vanishing terms in

the limit reduce to
2r d0
— 2k 29
‘ J o $(0) 9

The singular terms in the second integral in equation (27) also cancel, but in this case there are no
surviving terms. Thus, equation (29) is the total contribution. For the b, and c, coefficients, the
singularity is again logarithmic and once again the integration over # nicely removes it. As with a,,
the first integral in equation (27) provides the entire contribution, which for b, is

2n
2x1f cos(6)log(26(6))do (30a)
[0}
and
2n
2K1f sin(8) log(24(6))d6 (30b)
(o]

for c5. This completes the discussion of the singular integral terms which arise from the present
method; the results are summarized in Table L.

HIGHER ORDER TERMS

As indicated by the above computations and as discussed in detail elsewhere,!'” an implicit

assumption in the singular integral derivations is that the functional form for the displacement
u,,(Q) (equation (10)) is valid on a neighbourhood of the singular point P. The calculations must
therefore treat this neighbourhood consistently, utilizing the same representation of u,, on every
element containing P. As a consequence, even if linear triangular elements are employed
everywhere else in the caiculation, higher order terms can, and should, be used in conjunction with
the crack equation (5). In this section, the contributions arising from quadratic and cubic terms
will be obtained. The exponent of p in these terms is sufficiently high that there is no remaining
trace of the singularity.
The quadratic terms will be dealt with first,

u,(p,0)=" - +d,p? cos?(8)+e,p? cos() sin(0)+f,p? sin*(0)+ - - - (31)

Taking all the terms together, the integrals corresponding to equation (12) for i=m=1 take the
form

cos*(6) R
2n 2O [ _30p2 2(0)22 3z2 3,2 2(9
° sin?(8) 0

2 3z2 3p%cos?(@
+(1—2v){r—3—r—;’—pri5)}]p3dp (32)
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where it is understood that the cos?(8) factor in the 8 integral is associated with the d,, term, etc.
The trailing factor p? is now sufficiently strong that all terms with a factor of z,, will vanish in the
limit. After integration the remaining terms yield

2x COSZ(H) 2 2 4 8
xl'[ do { cos(6)sin(0) [3cos2(0){12+ f°—z~?—ﬂ}
0 . R 3R* 3
sin?(8)
. z3
+(1—2v){2<R+E—220)
. 222 z8 8z
—3cos? (8 R+—.‘3—~E’——°>}] 33
c ()( R 3k 3 33)
In the limit, the coefficients reduce to
R cos2(8)
KIJ cos(8) sin(8) Y {2(1—2v)+6vcos’(6)} p(0)do (34)
° sin(8)

As in the discussion of the linear terms in the previous section, most of the details of the
calculations for the subsequent terms will be omitted. For i=1, m=2, there is only one term in the
integrand without a z, factor, and integrating over p this term becomes

s cos?(9)
6vk, J cos(8)sin(8) ) cos(6)sin(8)p(0)do (35)
4] .2
sin*(8)
For m=3, the result, as expected, is zero.

The case i=2 is quickly disposed of: m=1 yields equation (35) once again, m=2 is easily
obtained from equation (34),

" cos?(0)

K, f cos(6) sin(8) ) {2(1 —2v)+6vsin?(0)}5(6)do (36)
° sin2(6)

and m=13 yields zero. For i=3, m=1, 2, all terms have a factor of z, and therefore vanish in the

limit. The final term, m= 3, has one non-zero contribution (see equation (28)) given by

cos(9) cos%(0)

2n ) 5(8) (1-2v) 2 ) X
K, f dé ( cos(8)sin(6) f —— p>dp=2k, f cos(8)sin(0) $ p(0)do (37
° sin%(0) o7 ° sin?(0)
The integrations for cubic terms
u(p,0)=---+p>{g,cos*(8)+h,, cos*(8) sin(9)
+ pm cos(6) sin? (8)+g,, sin®(6)} + - - - (38)

follow in precisely the same fashion: as might be expected, the factor of j(8) appearing in the
quadratic integrals is replaced by 452(8). These results are summarized in Tables II and III.



1147

BOUNDARY ELEMENT FRACTURE ANALYSIS

(p) urs .
opP(g)d < (g)uts(g)soo iz 0 0 ¢=!
%z,
(§)z502 (0),us . (9) ws .
0 oP(9)((9) uts 49+ (az— 1)) { (g)uis (g)s0d ] gpP(g)d(g)uts (9)sod ¢ (g)uts(g)soo Yang 7=t
X b Y4
Qv~mco ¢ (9),S02
(g)urs . (g)uts .
0 gpP(g)d(g)uts (g) s0a { (g)us (g)sod a9 gP(8)9((9),509 49+ (a7 —1)T) { (g)urs (g)sod N
z 1'% 4
8(30 ¢ (6)502
g=w T=u [=w

[A—T)ug]lp—="Tx:... +~as\+ Ax:»+~x:v+ ..« =( *x)“n suua) sneipenb :sjesdoyut 1en8uig I J[qeL

-



L. J. GRAY, L. F. MARTHA AND A. R. INGRAFFEA

1148

(9)cuts
(B)urs (g)sod o

op(6). 9% Mg 0 0 g=!
(Blurs (9) 502 | x¢
oP(9) 95 (g) u1s 49+
::%8
(9)cuts (g)guis
(9),uts (9)sod 0 . (9) uis (g)soo 0
0 (-1 R op(9),9%(g)uts (g)sod ‘nag  7=1
(g)uts (9) ;505 |« (Q)uis (9) 50> | ¢
(§)¢s0 (0) 500
0P (9)93(g)u1s (g)s0d % oP(0)95((9) 509 49+
(@)¢uis (g)euts
(@) uis (g)so0d ° (@) us (g)soo °
0 'a9 (g— 10 E I
(0)u1s(9);500 | uz (WS (9);50d | u
::%8 ::%8
g=w =u |=w
([—1uglo—="txt... + KB+ A+ £ x My + xMB+ . =(£ x)"“n swaay o1qnd :speaSarut 3w I s{qe].



BOUNDARY ELEMENT FRACTURE ANALYSIS 1149

TANGENTIAL DERIVATIVES

As mentioned in the discussion of the linear terms, the normal to the crack N at the point P will not
in general coincide with the crack element normal. Thus, N, and N, in equation (7) are not
necessarily zero, and all of the integrals derived in the previous two sections must be multiplied by
the component N,. The expressions for tangential derivatives, i.c. those involving N, and N,,
behave somewhat differently than does the derivative normal to the crack element. As occurs in
potential theory, the tangential derivatives of the surface tractions 7, and t, arising from the
surface displacements 1, and u, will be found to jump discontinuously at the crack surface, and
only the linear coefficients {b,, c,, by, ¢} will contribute. However, the tangential traction
contributions from displacement normal to the surface, u;, are continuous through the crack, and
all terms must be examined.

As was done above, the 7, =0 equation will be used to.exhibit the basic procedure; subsequent
details of the computations will only be provided if deviations from the established pattern arise.
From equation (7), the required terms involving u; are found to be

2v

—GN 2 —{T T, T,
1LC[ T“’1+(1—2v){ 11,10t 1yz2+ 13,3}:|“1

‘GNZJ [Tyy.2+ Ty3,1]u, dS (39)
ac
and using equation (6), the coefficient of N, is given by

1 2v
K, Lc 3 [6(1 +2v)r,r3—30r3 r'3+(l——2v) {33+4v)r,r,

—15r.1r.3(r,21+r?2+r?3)}]u1pdpd9 (40)
Performing the required integrations, it is seen that the coefficient of a, is composed of terms of the
form
1 2n A 0 L
- f(g)li{).( ):l dé (41)
Z0 Jo R(8)

where ff)" f(8)d0=0 and L is a positive integer. It follows from equation (23) that these terms
vanish in the limit z,—0, and the coefficient is therefore zero. The coefficient of b, leads to the
integral

2n 50 p3 p5
xlj. df)cosz(())J. zo[—6(l+2v) +15cos?(8) =

-5 7
0 0 r r

2V 3 5 3
i {—3(3+4v) %+ 5 <%+z§ ’:—7)}] dp (42)

The important difference from previously encountered terms is that the integrals over p, typified
by the first term in equation (42),

s 3 -1 1 z2 z2 :| 2z,
z Sdp=z| =+ — 22— -0 43
°L P OI:R(G) 120l " 3R(8)® 3lzol>] 3zl @)

are functions of ¥(zg)=2¢/|z4|= £ 1 (to an odd power); these are in fact the only surviving
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contributions in the limit, and equation (42) reduces to

2v
(1-

This term therefore depends upon how (i.e. from which side) the point P =(0, 0, z,) approaches the
crack, jumping discontinuously as the crack surface is crossed. As it has been assumed herein that
the limit is taken for points P which are interior to the region, yr(z,) =1 if the positive orientation
of the boundary yields an interior normal, and y(z,)= —1 for an exterior normal.

The coefficient of ¢, is the same as in equation (44) with the cos(8) factor replaced by sin(8); this
term therefore integrates to zero. All higher order terms in u, produce, at worst, a logarithmic
singularity from the p integration, and are consequently disposed of by the z, factor. The integral
multiplying N, in equation (39) is handled in a similar fashion, and all contributions are zero
except for the coefficient of ¢; which turns out to be

xlw(zo).r"cosz(())[ 4—8v+16 cos?(8)+ )(4 8v)]d0 8mic, Y (z0) (44)
0

K, ¥(2o) r" d6 sin(8)[4(4 —v) sin(8) — 16 sin>(8)] dO= 4, Y (zo)(1 —v) (45)
1)

Although the coefficient of u, is, with minor variations (see Tabie 1V), the same as above, the
coefficient of u, is continuous across the crack surface and therefore closely resembles the
calculations for the linear terms. This term, defined as

2y
-GNlj. [2T31 1+(1 {T311+T32 2+ Tis, 3}:]“3
o

—Gsz [T5,,2+ T5;,1JusdS (46)
ac

yields the following integral for the coefficient of N :

2 5(6) 2 21
xlj dOJ [62(2,:—5—302(2,cosz(6) (r )+6(1—2v)cos2(6)"’—5

[ 0

2v p* 1
(1_2){6(24‘\1)20 =5 152%(;74‘23;7)

2
S =2 302y 5}] uspdp @7)

For the coefficient of a5, all terms from the p integration containing a z, ! singularity vanish in the
integration over 6. In a similar fashion for the linear terms, the log(]z,]) singularity disappears,
leaving

— K, jzn [—2+48v+6(1—2v)cos?(8) Al (48a)
()} p(9)
K, J.zn cos(8)[ —2+8v+6(1—2v) cos2(8)] log(24(0))do (48b)
0

as the coeflicients of ay and b,. The calculations for the second (N,) part of equation (46) follow
the same pattern and result in the expressions

2n

6(1—2v)K, L [cos(8)sin(0) 50)

(49a)
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6(1 —2v)k, J.zn cos(6)[cos(0) sin(0)] log(25(8))db (49b)

0

As was the case in the previous section, interchanging cos(f) and sin(8) will produce the c,
coefficient, and the quadratic and cubic terms are obtained from equations (48) and (49) by
replacing log (4(8)) with $(0) and p(8)?/2 respectively.

This completes the discussion for 7, =0. As might be expected, the calculations for 7,=0 are
exactly analogous to those above, and need not be repeated. The tangential components arising
from ;=0 are given by

—GN, J T+ T s+ {Tas 1+ Ty 3y +{Ts5,, + T3y 3} us 1dS
ac

_Gsz T3, 24 Tp 5 uy +{Tas 2+ Ty 3 s
ac

+{T33,2+ T32.5}u3]dS (50)

No new situation is encountered in the evaluation of these integrals. The contributions arising
from displacements u, and u, are continuous across the crack and higher order terms are non-
zero; the normal displacement u, produces no contribution to t5. The coefficients of a, and a, are
found to be

Nk, r“ [2(1—2v)+6v cos?(6)] —
0

(51a)

d9+N2x1f [6v cos(0) si
p(0)

(9)

2z
lelj [6v cos(0) sin(8) J [2(1—2v)+ 6v sin?(6) (51b)
¢

1
0(0)
respectively. The coefficients of the higher order terms can be derived from these expressions by
the usual procedure of adding appropriate cos(8) or sin(8) coefficients and replacing (8}~ * by

log(p(6)), etc. The results obtained in this section are tabulated in Table IV; note that the zero
terms have been omitted from the table.

(9)

NUMERICAL RESULTS

The primary focus of this paper has been to formulate the treatment of the hypersingular integral
and to develop the formulas in Tables I-1V. To convince the reader that this effort has been
worthwhile, results for two simple fracture calculations will be presented. A compiete description
of the implementation of these formulas is too extensive to be included here,'® so only the model
and results will be discussed.

The test problem, illustrated in Figure 4, is an internal, planar elliptical crack in a constant
stress field. Two orientations of the crack will be considered: the first having the crack plane
perpendicular to the stress direction (y =0), and the second a configuration in which the plane is
rotated about the minor axis of the ellipse 45 degrees (y = n/4). The stress field is 6 = | (stress units),
the modulus of elasticity of the material is E = 10000 (stress units) and the Poisson ratio is v =0-25.
The dimensions of the ellipse are a=0-25, b=0-125 (units of distance). The mesh adopted on the
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Figure 4. Definitions for benchmark tests of an internal elliptical crack

crack surface is also shown in Figure 4. Surface elements with linear shape functions are employed;
the specialized approximation on the crack required for the hypersingular integral employed a
cubic polynomial.

A simplified version of the displacement correlation technique? has been used to compute the
stress intensity factors along the crack front. It is simplified in that it does not use the functional
evaluation technique associated with quarter-point elements that was first suggested by Shih et al.
for the two-dimensional case.??® These computed values are compared to analytic solutions,?* and
to results obtained from multi-domain analyses with both linear and quadratic elements. The
linear multi-domain analysis employed the same mesh shown in Figure 4. The quadratic
calculation utilized quarter-point, traction-singular elements along the crack front, and a similar
mesh (with the same number of elements along the crack front) was adopted for this calculation. In
the computation of stress intensity factors for quadratic elements the same simplification was
adopted, and the values were computed based only on displacements at element corner nodes.

A comparison of the results is shown in Figures 5-8. For the orientation y =0, only the Mode I
stress intensity factor is non-zero, and these results are plotted in Figure 5. For y=mn/4,
Figures 6-8 display Modes I, II and III, respectively. Despite the inherent approximations of the
displacement correlation method, the accuracy of the new crack method is evident. In general,
these results are nearly as accurate as those from the multi-domain solution employing quarter-
point, traction-singular elements. This can be explained by the fact that the new technique, unlike
multi-domain or finite element methods, does not get involved in approximating the singular
stress field ahead of the crack front. These calculations provide evidence that the potential theory
results! 271 carry over successfully to elasticity.
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CONCLUSIONS

Utilizing the standard Kelvin solution for a point load in an infinite medium, the hypersingular
integrals arising from three-dimensional elasticity have been shown to have well defined finite
values. Up to now, the general consensus has been that these integrals are intractable for
numerical computation.?®:2¢ The key idea behind this new method is to treat the singular
integrals as limits from the interior of the region. As the ability to assign appropriate values to
these singular terms is the principal requirement of the present boundary element method,*!*!2
there is no impediment in applying this technique to elasticity problems. As indicated by the
limited numerical results presented herein, fracture calculations using this technique and
{primarily) linear elements (the exception being the special interpolation for the hypersingular
integrals) are nearly as accurate as those resulting from a multi-domain calculation using special
crack front elements. Since a multi-domain decomposition is not employed, this method will be
highly advantageous for crack propagation simulation and difficult multiple crack geometries.
More complete details concerning the implementation of this method for the solution of crack
problems and more extensive test results can be found elsewhere.!8

Two observations are worth noting here. First, the proposed method apparently unites the
strengths of two alternative boundary element fracture formulations: the direct, Kelvin-solution
method and the displacement discontinuity method.?”2° The former is the most commonly used
and, like the present method, readily accommodates finite boundaries. The latter is less widely
implemented, but has the advantage of utilizing a straightforward crack representation in the
manner exemplified by the discretization shown in Figure 1(b). While there are similarities
between the present method and the traction BIE approach,®® there are. some significant
differences. By defining the hypersingular integral as a limit and obtaining the analytic expressions
in this paper, these troublesome integrals are taken care of in a convenient fashion. As a
consequence, the numerical difficulties encountered in the implementation of the traction BIE are
not present, and the entire approximation procedure is considerably simpler.

Secondly, with the evaluation of the hypersingular integrals, it should be possible to directly
compute the stress everywhere on the boundary surface, in much the same manner that interior
values are obtained. This is currently being developed, and a comparison of this approach with a
recently proposed method which successfully avoids hypersingular integrals> will be carried out.
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APPENDIX

For convenience, the integration formulas?? required in the analysis of the singular integrals are
collected here. The notation is the same as above, so that r=(p?+22)!/2

P Gy L
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